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On the Action of Nilpotent and Metabelian Groups on Infinite, Locally 
Finite Graphs 
NORBERT SEIFTER 
In [8) J. Tits proved that a solvable fixed point free automorphism group of a tree T leaves 
invariant an end or a pair of ends of T. In this paper we prove the same assertion for nilpotent 
groups which contain certain automorphisms of infinite order and locally finite, infinite graphs. 
Further, we show that a metabelian group G also leaves invariant an end or a pair of ends of a locally 
finite graph if G satisfies special assumptions. As corollaries we obtain results about the structure 
of graphs which allow the transitive action of the above-mentioned groups. 
1. INTRODUCTION AND TERMINOLOGY 
By X(V, E) we denote a graph with vertex-set V(X) and edge-set E(X). Graphs con-
sidered in this paper are countable and contain neither loops nor multiple edges; Aut(X) 
denotes the automorphism group of X. Automorphisms not stabilizing any finite, non-
empty subgraph of X are called automorphisms of type 2 by Halin ([1], p. 251). By .E(X) 
we denote the set of automorphisms of type 2. If we consider images of a vertex v; or a 
subgraph ~under an automorphism a, we often write vi+n and ~+n instead of a"(v;) and 
a"(~), respectively. 
A group G :::;; Aut(X) acts transitively on X if there is an a E G for every x, y E V(X) 
such that a(x) = y. A graph which allows the transitive action of a group is called 
transitive. 
Two one-way infinite paths B and Pare equivalent in X, in symbols B "'x P, if there is 
a third one-way infinite path R which meets both of them infinitely often. The equivalence 
classes with respect to "'x are called ends ([2], p. 127). Clearly the automorphisms of X also 
act on t&"(X) the set of ends of the graph X. By a lt&"(X) and G lt&'(X) we denote the restriction 
of a and G :::;; Aut(X) to t&"(X), respectively. 
The boundary oC of C c V(X) is the set of vertices of V(X)\C which are adjacent to 
vertices of C. A connected graph X is called a strip if there is a connected set C ~ V(X) 
and an a E Aut(X) such that the following conditions hold: 
(a) 0 < loCI < oo; 
(b) a(C u oC) ~ C; 
(c) C\a( C) is finite. 
By K 00 (X) we denote the least cardinality of a vertex-setS c V(X) which separates two 
infinite subsets of V(X). A fragment of X is an infinite subset C of X such that V(X) \Cis 
infinite and loCI = K 00 (X). By (C) we denote the subgraph of X which is induced by the 
vertices of C. 
By H :::;; G, H ~ G, and H ~ G we denote that His a subgroup, a normal subgroup 
and a characteristic subgroup of G, respectively. All further group-theoretical assumptions 
we need in this paper can be found in [5]. 
An a E Aut(X) leaves invariant a set S c V(X) or a set @"' c t&"(X) if a(S) = S or 
a(t&"') = 6"' holds, respectively. A group G leaves invariant S or 6"' if all a E G leave 
invariant these sets, respectively. 
In [8] J. Tits proved that a solvable fixed point free automorphism group of a tree T 
leaves invariant an end or a pair of ends of T. In [6] we have shown that the same holds 
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for locally finite graphs and the action of a nilpotent group G of class r; 
G = K, C> K,_) C> K,_ 2 C> · · · C> Ko = {e} 
if K 3 n .E(x) =F 0 holds. In this paper we extend that result to all nilpotent groups which 
contain at least one automorphism of type 2. 
In [6] we further proved that a locally finite, infinite graph which allows the transitive 
action of a nilpotent group G with K3 n .E(X) =F 0 is a strip or K00 = oo holds. Here we 
show that the same also holds if the nilpotent groups acting transitively on locally finite 
graphs satisfy no further assumptions. For the proof of the latter result we use theorems 
which were presented in [3] and [4]. 
Clearly, all nilpotent groups are solvable, but we failed in proving the above-mentioned 
results for the action of all solvable groups on infinite locally finite graphs. After all, we were 
able to show that a metabelian group G which acts on a locally finite infinite graph X also 
leaves invariant an end or a pair of ends of X if G satisfies one of the following conditions: 
(a) .E(X) n G<J) =I 0 
(b) G< 1l is finite; 
where G< 1l denotes the commutator subgroup of G. 
2. INVARIANT ENDS 
To prove our main theorems we need some preliminary results. The first of these results 
was shown in [1]. 
PROPOSITION 2.1. Let X be a connected locally finite graph and let (X E .E(X). Then (X fixes 
at least one end and at most two ends of X. If (X fixes exactly one end E, then E is equivalence 
class of infinitely many disjoint one-way infinite paths. 
Proposition 2.1 contains parts of two theorems in [1]. Here we only cited the assertions 
we need later. Now let E1 and E2 be fixed by (X. Then there is no end E3 E 6"(X), E3 =F E1 , 
E3 =F E2 , such that (X;(E3 ) = E3 holds fori =F 0. Otherwise, there would be more than two 
ends fixed by (X; E .E(X), a contradiction to Proposition 2.1. 
PRoPOSITION 2.2. Let X be a connected locally finite graph and let (X E .I'( X). If (X I6"(X) 
and fJ I6"(X) commute, then fJ leaves invariant the set of ends fixed by (X. 
PROOF. Let @"'(X) be the set of ends fixed by (X and let E0 E 6"'(X). Suppose 
fJ(E0 ) = E2 ¢ 6"'(X). Then 
and 
fJ(X(E0 ) = fJ(E0 ) = E2 
hold, a contradiction to our assumption that (X I6"(X) and P I6"(X) commute. D 
REMARK 2.3. Since (X 16"(X) and P I6"(X) clearly commute if (X and P commute, 
Proposition 2.2 also holds under the more restrictive assumption (Xp = p(X. Since the case 
fJ(E0 ) = E1, E1 E 6"'(X), can occur in Proposition 2.2, as P E .E(X) need not hold, we can 
only show that p leaves invariant 6"'(X). If p E .E(X), then p clearly fixes the ends contained 
in 6"'(X) by Proposition 2.1. 
Now we are able to prove our main results. For completeness we first recall the definition 
of nilpotent groups: a group G is nilpotent of class r if it has an upper central series of 
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length r, i.e. 
G = K, [> K, _ 1 [> · · · [> K 1 [> K0 { e} 
The lower central chain of a group G is a subnormal chain 
G = Z0 !;::: Z 1 !;::: Z 2 !;::: ••• 
defined as follows: 
Z 1 = [G, G] = [Z0 , G], Z2 = [Z1, G], ... , Zi = [Zi-1• G], ... 
If there is an r ~ I such that Z, = {e} holds then the lower central chain is called the lower 
central series. If G is nilpotent then it has a lower central series. 
THEOREM 2.4 Let X be a connected locally finite graph and let G ~ Aut(X) be nilpotent 
of class r ~ I, where G n .E(X) =F 0- Then all y E G leave invariant the same set 
0"'(X) c <&"(X), where 1 ~ I0"'(X)I ~ 2. 
PRooF. Let a E G n .E(X) and let 0"'(X) c <&"(X), I ~ 10"'(X)I ~ 2, be the set of ends 
fixed by a. We now show that all y E G also leave invariant the set 0"'(X). 
Let y E G and suppose [a, y] = y- 1a- 1ya leaves invariant 0"'(X). This implies 
ay(c&"'(X)) = y(c&"'(X)) (I) 
since a(0"'(X)) = <&"'(X). Since a fixed no end not contained in 0"'(X), (I) only holds if 
y(c&"'(X)) = 0"'(X). 
Let 
G = Z [> Z [> · · · [> Z [> Z = {e} 0 I r-1 r 
denote the lower central series of G. Since [G, ZJ = Zi+l holds for all i, 0 ~ i ~ r - I, 
and e clearly leaves invariant 0"'(X), the above implies that all {3 E Z,_ 1 also leave invariant 
0"'(X). 
Suppose we have shown that all {3 E Zj, for some j, 0 < j ~ r - I, leave invariant 
0"'(X) and let y E zj-1• Since [a, y] E zj the above again implies that y leaves invariant 
<&"'(X). D 
In the next theorem we consider metabelian groups. First we recall that a metabelian 
group is solvable of length 2, which means that 
G = a<ol [l> G0 l [l> G(2) = { e} 
where G<il = [GU-ll, G(i-ll], I ~ i ~ 2. 
THEOREM 2.5. Let X be a connected locally finite graph and let G ~ Aut(X) be metabelian 
with G n .E(X) =F 0. Then all y E G leave invariant the same set <&"'(X) c <&"(X), where 
1 ~ I0"'(X)I ~ 2, if G satisfies one of the following assumptions: 
(a) .E(X) n a<ll =F 0; or 
(b) a<!) is finite. 
PRooF. Case 1: !:(X) n a<ll =F 0- Let a E .E(X) n G< 1l and let 0"'(X), I ~ 10"'(X)I ~ 2, 
be the set of ends fixed by a. Since a<ll is abelian each y E G<1l leaves invariant 0"'(X) by 
Proposition 2.2. Let y E G\G<I). Since [a, y] E G< 1l we have the same situation as in the proof 
of Theorem 2.4; hence y also leaves invariant 0"'(X). 
Case 2: G0 l is finite. Let y E G and a E .E(X) n G. Since G< 1l = [G, G] all ajya-j,j E 2, 
are contained in the coset G0 ly of G0 l. Since a< 1l is finite there is ann E N (e.g. n = IG0 ll) 
such that a"ya-" = y holds for each y E G. This implies that a" is central in G and 
Proposition 2.2 completes the proof. D 
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3. TRANSITIVE GRAPHS 
In this section we show that there is a close connection between properties of the 
automorphism group of a transitive graph X and the structure of X. Essentially, we prove 
an extension of parts of the following result, which was presented in [4]. 
THEOREM 3.1. Let X be an infinite connected graph and suppose the abelian group 
G ~ Aut(X) acts transitively on X. Then either 
(a) K 00 (X) = co; or 
(b) X is a strip. In this case G c::= 7L x T, where Tis finite. 
Here we prove that Theorem 3.1, with the exception of the assertion about the group G, 
also holds for locally finite, infinite graphs if the transitively acting group G is nilpotent or 
metabelian (with the restriction of Theorem 2.5). For the proof we need the following 
results which were shown in [4] and [3], respectively. 
THEOREM 3.2. Let X be connected and transitive with K 00 (X) < co and suppose X is not 
a strip. Then X contains an infinity of pairwise disjoint fragments. 
THEOREM 3.3. Let K 00 (X) < oo and let G ~ Aut(X) act transitively on X. Then for each 
fragment C of X there exist a E G such that a(oC u C) s C. 
As Jung [3] further states, a E .E(X) clearly holds. By G* we now denote a group which 
is nilpotent or metabelian with the further assumptions of Theorem 2.5. Then the following 
result holds. 
THEOREM 3.4. Let X be a connected locally finite, infinite graph and let G* ~ Aut(X) act 
transitively on X. Then either X is a strip or K 00 (X) = co. 
PRooF. Suppose X is not a strip and K 00 (X) < co holds. Then by Theorem 3.2, X 
contains an infinity of pairwise disjoint fragments. We now consider three of these 
fragments, namely C,, C2 and C3 • Since X is connected and locally finite, < C,), < C2 ) 
and < C3 ) clearly contain the infinite paths of pairwise different ends £,, E2 and £ 3 , 
respectively. By Theorem 3.3 there are automorphisms a,, a2 , a3 E .E(X) n G* such that 
a,(oC, u C,) s C,, a2(oC2 u C2) s C2 and a3(oC3 u C3) s C3 • Then, using the methods 
of the proof of Proposition 2.1 (see [I]), we can show that a 1, a2 and a3 fix at least one end 
of (C, ), (C2 ) and (C3), respectively. W.l.o.g. we assume £ 1, E2 and £ 3 to be those ends, 
respectively. 
Now, let IX E .E(X) n G* and let C'(X) be the set of ends fixed by IX. Then, by 
Theorems 2.4 and 2.5, respectively, £ 1, £ 2 and £ 3 are in C'(X), a contradiction to 
Proposition 2.1. Hence X is a strip if K 00 (X) < co holds. D 
For completeness we at last cite a result which we proved in [7]. 
THEOREM 3.5. Let X be a connected, infinite graph and let G ~ Aut(X) act transitively 
on X. If the center of G contains at least one IX E .E(X) then either X is a strip or K 00 (X) = co. 
REMARK 3.6. Considering Theorem 3.3 it is clear that the groups of Theorem 3.1 always 
satisfy the assumption of Theorem 3.5. Hence the assertion of Theorem 3.5 is a partial 
extension of Theorem 3.1, which does not only hold for locally finite graphs. 
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